Abstract. In this work, we study a class of rotational surfaces in the pseudoEuclidean space E 4 2 whose profile curves lie in two-dimensional planes. We solve the differential equation that characterizes the rotational surfaces with zero mean curvature to determine the profile curves of such rotational surfaces. Then, we give some explicit parametrization of maximal rotational surfaces and the timelike surfaces with zero mean curvature in E 4 2 .
Recently, Chen studied minimal Lorentz surfaces in arbitrary indefinite space forms. In [2] , he obtained several classification results, in particular, he completely classified all minimal Lorentz surfaces with arbitrary dimension m and arbitrary index s.
In this paper, we study rotational surfaces in the pseudo-Euclidean space E 4 2 with profile curves lying in 2-planes. We solve the differential equation that characterizes the rotational surfaces in E 4 2 with zero mean curvature. Thus, we give examples of maximal surfaces and Lorentz surfaces with zero mean curvature in E 4 2 .
Prelimineries
Let E m s be the m-dimensional pseudo-Euclidean space with the canonical metric given byg
where (x 1 , x 2 , . . . , x m ) is a standard rectangular coordinate system in E is said to be spacelike if every non-zero tangent vector on M is spacelike and it is said to be timelike if at least one of non-zero tangent vector on M is timelike.
Let M be an oriented n-dimensional submanifold in the (n + 2)-dimensional pseudoEuclidean space E n+2 2
. We choose an oriented local orthonormal frame {e 1 , . . . , e n+2 } on M with ε A = e A , e A = ±1 such that e 1 , . . . , e n are tangent to M and e n+1 , e n+2 are normal to M. We use the following convention on the range of indices: 1 ≤ i, j, k, . . . ≤ n, n + 1 ≤ r, s, t, . . . ≤ n + 2.
Let ∇ be the Levi-Civita connection of E n+2 2
and ∇ the induced connection on M. Denote by {ω 1 , . . . , ω n+2 } the dual frame and by {ω AB }, A, B = 1, . . . , n + 2, the connection forms associated to {e 1 , . . . , e n+2 }. The formulas of Gauss and Weingarten are given by, respectively, (1)
Rotational surfaces in E 4 2
Let M 1 (b) and M 2 (b) be rotational surfaces in the pseudo-Euclidean space E 4 2 whose profile curves lie in 2-planes. We can choose a profile curve α of M 1 (b) in the ywplane as α(u) = (0, y(u), 0, w(u)), defined on an open interval I ⊂ R, and thus the parametrization of M 1 (b) is given by
for some constant b > 0, where u ∈ I and v ∈ R. We consider the following orthonormal moving frame field {e 1 , e 2 , e 3 , e 4 } on M 1 (b) such that e 1 , e 2 are tangent to M 1 (b), and e 3 , e 4 are normal to M 1 (b):
where
By a direct calculation, we have the components of the second fundamental form and the connection forms as follows
We can choose a profile curve β of M 2 (b) in the xz-plane as β(u) = (x(u), 0, z(u), 0) defined on an open interval I ⊂ R, and thus the parametrization of M 2 (b) is given by
for some constant b > 0, where u ∈ I and v ∈ (0, 2π). We consider the following orthonormal moving frame field {e 1 , e 2 , e 3 , e 4 } on M 2 (b) such that e 1 , e 2 are tangent to M 2 (b), and e 3 , e 4 are normal to M 2 (b):
By a direct computation, we have the components of the second fundamental form and the connection forms as follows
Therefore, we have the mean curvature vector for the rotational surfaces M 1 (b) and M 2 (b) as follows
On the other hand, by using the Codazzi equation (1) The rotational surfaces M 1 (b) and M 2 (b) defined by (2) and (10) for b = 1, x(u) = y(u) = f (u) sinh u and z(u) = w(u) = f (u) cosh u are also known as Vranceanu rotational surface, where f (u) is a smooth function, [7] .
Rotational Surfaces with Zero Mean Curvature
In this section, we determine all rotational surfaces M 1 (b) and M 2 (b) defined, respectively, by (2) and (10) with zero mean curvature.
By considering (6) and (18), a rotational surface M 1 (b) has zero mean curvature if and only if the coordinate functions y(u) and w(u) of the profile curve α satisfy the differential equation
Note that y(u) = c 0 w(u), c 2 0 = 1, is a solution of differential equation (21) for b = 1, and it can be shown easily that M 1 (1) is an open part of a timelike plane in E 4 2 . Thus, we rule out this case.
2 defined by (2) for b = 1 has zero mean curvature if and only if its profile curve is given by
for some constants λ 0 = 0 and µ 0 .
PROOF. Assume that M 1 (1) has zero mean curvature. So, for b = 1 the differential equation (21) can be written as
from which the first integration gives tanh
= c for some constant c. Using the logarithmic expression for the inverse hyperbolic tangent function we get (y(u) + w(u))(y
The solution of this differential equation yields (22) for some constant λ 0 = ±e 2c = 0 and µ 0 .
The converse of the proof of the theorem comes from direct computation. The solution (22) is a quadratic curve. For some suitable values of λ 0 and µ 0 , we have ellipses or hyperbolas. For instance, if we take λ 0 = 1 and µ 0 = 2, then from (22) we have w 2 (u) + y 2 (u) = 1, that is, the profile curve α is a part of the unit circle, w 2 + y 2 = 1. When we choose y(u) = sin u and w(u) = cos u, we have ε = ε * = sgn(cos 2u). Hence, the surface M 1 (1) is maximal for |u| < π 4
, and the parametrization of M 1 (b) becomes
) and v ∈ R. Similarly, we can take y(u) = cos u and w(u) = sin u. In this case, we have ε = ε * = −sgn(cos 2u), and by choosing
, the surface M 1 (1) is maximal with positive definite metric, and by choosing |u| < π 4
, M 1 (1) is a maximal surface with negative definite metric.
If we take λ 0 = −1 and µ 0 = 4, then from (22) we get y(u)w(u) = 1, that is, the profile curve α is the part of the hyperbola, yw = 1. By taking y(u) = u and w(u) = 1 u , u > 0, the parametrization of M 1 (b) is given by
which is regular for 0 < u < 1 or u > 1, and it is timelike with zero mean curvature. In [7] , it was shown that the Vranceanu rotational surface is maximal if f (u) = a(cosh(2u + c)) −1/2 , where a and c are constants. Also, for this function f (u), the component functions y(u) and w(u) satisfy the equation (22).
We assume that the profile curves α and β of M 1 (b) and M 2 (b), respectively, are arc length parametrized, that is, (19) ) 2 = 0 is a solution of (26). In this case, by considering the first equations in (6) and (7), and b = 1, we have (23) for a 0 = 0.
On the other hand, if (h (26) we then obtain that (27) e 2 ((h
By integrating this equation, we get
for some constant a 0 = 0. Hence, using the first equations in (6) and (7), equation (28) yields (23).
Conversely, assume that the coordinate functions y(u) and w(u) of the unit speed profile curve α satisfy the differential equation (23) for some constant a 0 , and
,
. Differentiating equations in (29) with respect to u and using again (29), we obtain
If we multiply these equations by −w ′ 2 (u) and y ′ 2 (u), respectively, and add them, we get
which implies (21) as y ′ (u)w ′ (u) = 0 on J ⊂ I. Hence, the surface M 1 (b) has zero mean curvature. 
sin
where a 0 = 0 and c 0 are constants such that ε * a 0 1 − b 2 > 0. In this case, the surface M 1 (b) is spacelike with positive or negative definite metric.
ii. For εε * = −1, (32) 
. It has a solution according to ε * ε = 1 or ε * ε = −1. Case 1 : εε * = 1 and a 0 = 0. Then, equation (33) becomes 
For ε * ã 0 = µ 2 0 > 0, the general solution of (35) is given by
, where d 0 is a non-zero constant. By a similar calculation, we can have (32) for ε * ã 0 = −µ 2 0 < 0. In this case, M 1 (b) is a timelike surface. Conversely, let M 1 (b) be a rotational surface given by (2) whose profile curve α is given by one of the regular curves (31) and (32). Suppose that the component functions of the profile curve α satisfy (31). By differentiating (31) with respect to u, we obtain (34) which yields y ′ (u)w ′ (u) = 0 on the interval I since α is regular. From y ′ 2 (u) − w ′ 2 (u) = ε and (34), we get
which satisfy (23). By a similar argument, it can be shown that the regular curve given by (32) satisfies (23). Thus, by Lemma 3.2, the rotational surface M 1 (b) has zero mean curvature in the pseudo-Euclidean space E 4 2 . Now we will give some examples of rotational surfaces with zero mean curvature whose profile curve α given by (31) or (32). and c 0 = 0, then from (31) we obtain sin −1 (w(u)) = 2 sin
When we take y(u) = 2 sin u, then we have w(u) = sin(2u). Thus, the parametrization of the surface M 1 (b) becomes
which is a maximal surface with positive definite metric for 0 < u < π 4
and v ∈ R. cosh(2u) and w(u) = cosh u. Then, the parametrization of M 1 (b) becomes
which is a timelike surface with zero mean curvature in E 
which is a timelike surface with zero mean curvature for 0 < u < , and v ∈ R.
By a similar way, we study the rotational surface M 2 (b) given by (10) with zero mean curvature. Considering (14) and (18), a rotational surface M 2 (b) has zero mean curvature if and only if the coordinate functions x(u) and z(u) of the profile curve β satisfy the differential equation
Note that x(u) = cz(u), c 2 = 1, is a solution of differential equation (36) for b = 1. But in this case it can be shown easily that M 2 (1) is an open part of a spacelike plane in E 4 2 . Thus, we rule out this case.
We state the following proposition for the solution of (36) without proof because its proof is similar to the proof of Proposition 3.1. 
The solution (37) is a quadratic curve. For some suitable values of λ 0 and µ 0 , we have ellipses or hyperbolas. For instance, if we take λ 0 = 1 and µ 0 = 2, then we have x 2 (u) + z 2 (u) = 1 from (37), that is, the profile curve β is a part of the unit circle, x 2 + z 2 = 1. When we choose x(u) = cos u and z(u) = sin u, we have ε * = −ε = sgn(cos 2u). Hence, the surface M 2 (1) is timelike in E ) and v ∈ (0, 2π). Similarly, if we can take x(u) = sin u and z(u) = cos u, then the surface M 2 (1) is again timelike with zero mean curvature for |u| < π 4 . If we take λ 0 = −1 and µ 0 = 4, then from (37) we get x(u)z(u) = 1, that is, the profile curve β is the part of the hyperbola xz = 1. By taking x(u) = u and z(u) = 1 u , u > 0, the parametrization of M 2 (b) is given by
which is maximal with positive or negative definite metric according to u > 1 or 0 < u < 1, respectively. In [7] , it was shown that the Vranceanu rotational surface has zero mean curvature if f (u) = a(cosh(2u + c)) −1/2 , where a and c are constants and it is timelike with zero mean curvature. Also, for this function f (u), the component functions x(u) and z(u) satisfies the equation (37).
The formulas for M 1 (b) such as second fundamental form and differential equation of zero mean curvature are valid for M 2 (b) if we replace y(u) and w(u) with z(u) and x(u), respectively. For that replacement only the sign of x ′ 2 (u) − z ′ 2 (u) changes, that is, y ′ 2 (u) − w ′ 2 (u) = ε turns to be x ′ 2 (u) − z ′ 2 (u) = −ε. Thus, we give the following lemma and theorem without proof because their proofs are similar to the proof of Lemma 3.2 and Theorem 3.3. 
